
Sampling rate change operations:Sampling rate change operations:
upsampling upsampling and and downsamplingdownsampling; ; 
fractional sampling; interpolationfractional sampling; interpolation
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Definition:Definition:
DownsamplingDownsampling

MM
x[0]x[0]
x[1]x[1]
x[2]x[2]
x[3]x[3]
x[4]x[4]

MM

((↓↓2)2)

MM
x[0]x[0]
x[2]x[2]
x[4]x[4]

MM
&&

==

As a matrix operation:As a matrix operation:

MM

LL 1  0  0  0  0 1  0  0  0  0 LL
LL 0  0  1  0  0 0  0  1  0  0 LL
LL 0  0  0  0  1 0  0  0  0  1 LL

MM

MM
x[0]x[0]
x[1]x[1]
x[2]x[2]
x[3]x[3]
x[4]x[4]

MM

==

::
x[0]x[0]
x[2]x[2]
x[4]x[4]

::
::
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Definition:Definition:

UpsamplingUpsampling
MM

x[0]x[0]
x[1]x[1]
x[2]x[2]

MM

((↑↑2)2)

MM
x[0]x[0]

00
x[1]x[1]

00
x[2]x[2]

00
MM

==
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As a matrix operation:As a matrix operation:

MM

LL 1  0  0  1  0  0  LL
LL 0  0  0  0  0  0  LL
LL 0  1  0  0  1  0  LL
LL 0  0  0  0  0  0  LL
LL 0  0  1  0  0  1  LL
LL 0  0  0  0  0  0  LL

MM

MM
x[0]x[0]
x[1]x[1]
x[2]x[2]

::
::
::

==

MM
x[0]x[0]

00
x[1]x[1]

00
x[2]x[2]

00
MM
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DownsamplingDownsampling
Downsampling Downsampling by 2by 2

→ →↓↓22
x[n]x[n] y[n]y[n] 00 1   2    3   4   n1   2    3   4   n

LL LL

x[n]x[n]

0    1   2              n0    1   2              n
LL LL

y[n]y[n]

nn

m evenm even

mm

mm

22 mm

y[n]   =  x[2n]y[n]   =  x[2n]

Y(Y(ωω) =  ) =  ∑∑ x[2n]ex[2n]e--iiωωnn

=  =  ∑∑ x[m]ex[m]e--iiωωm/2m/2

=  =  ½½ ∑∑ {1 + ({1 + (--1)1)mm} x[m]e} x[m]e--iiωωm/2m/2

=  =  ½½ {{∑∑ x[m]ex[m]e--iiωωmm + + ∑∑ x[m]ex[m]e––i(   + i(   + ππ )m)m} ; } ; 

((--1)1)mm = e= e--iiππmm

=  =  ½½ {X ({X (ωω/2) + X (/2) + X (ωω/2 + /2 + ππ )})}

ωω
22
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Downsampling Downsampling by Mby M

→ →↓↓MM
x[n]x[n] y[n]y[n]

11
MM

1
2

3
1

2
3

1 if m = 1 if m = nMnM
0 if m 0 if m ≠≠ nMnM

MM

m = m = nMnM

MM mm

MM--11
MM

k = 0k = 0

k = 0k = 0 MM--11

MM
k=0k=0

MM--11

y[n]    =  x[y[n]    =  x[MnMn]]

Y(Y(ωω)   =   )   =   ∑∑ x[m]ex[m]e--iiωωm/Mm/M

= = 11 ∑∑ { { ∑∑ ee––ii22ππkmkm } x[m]e} x[m]e--iiωωm/Mm/M ;;

∑∑ (e(e––ii22ππmm))kk ==

=  =  11 ∑∑ X(X(ωω + 2 + 2 ππkk))

MM
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UpsamplingUpsampling
Upsampling Upsampling by 2by 2

→ →↑↑22
x[n]x[n] y[n]y[n] 00 1   2             n1   2             n

LL LL
x[n]x[n]

0    1   2    3   4   n0    1   2    3   4   n
LL LL

y[n]y[n]11

y[n]  = y[n]  = 

1
2

3
1

2
3

x[n/2] ; n evenx[n/2] ; n even

0     ; n odd0     ; n odd

Y(Y(ωω)  =  )  =  ∑∑ x[n/2]ex[n/2]e--iiωωnn

=  =  ∑∑ x[m]ex[m]e--iiωω2m2m

=  X(2=  X(2ωω))

n evenn even

mm
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Upsampling Upsampling by Lby L

y[n]  = y[n]  = → →↑↑LL
x[n]x[n] y[n]y[n]1

2
3

1
2

3

x[n/L]  ;  n  =  x[n/L]  ;  n  =  mLmL

0       ;  n  0       ;  n  ≠≠ mLmL

Y(Y(ωω)  =  )  =  ∑∑ x[n/L] ex[n/L] e--iiωωnn

=  X(L=  X(Lωω))
n=n=mLmL
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nn
00 11

LL LL

x[n]x[n]

--22 --11 22 33

nn
--22 --11 22 3300 11

LL LL
xxss[n][n]

x[0]x[0]x[2]x[2]

LL LL nn
--11 00 11

x[x[--2]2] y[n]y[n]

22ππ

X(X(ωω))

ωω
-- 22ππ 00 ωω00

L

--ωω00

L

ωω

Y(Y(ωω))

-- 22ππ 00
22ωω00

L

--22ωω00

L--ππ

↑ ↑ 22ππ

½½

ππ

XXss((ωω))

ωω
-- 22ππ 00 ππ

L

--ππ

L

½½

22ππ

DownsamplingDownsampling

Y(Y(ωω)  =  )  =  ½½ { X(    ) + X(     + { X(    ) + X(     + ππ)})}
y[n]  =  (y[n]  =  (↓↓2) x[n] =  x[2n]2) x[n] =  x[2n] ωω

22
ωω
22
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UpsamplingUpsampling

--11 00 11
LL LL

nn

x[n]x[n]

--11 00 33--22 11 nn
LL LL

x[x[--1]1] y[n]y[n]
x[0]x[0] x[1]x[1]

22--33

y[n]  =y[n]  =

1
2

3
1

2
3

x[n/2] ; n evenx[n/2] ; n even
0    ; n odd0    ; n odd

Y(Y(ωω))

ωω-- 22ππ ππ

L

--ππ

L

11

22ππ
--ωω00
22

ωω00
22

X(X(ωω))

-- 22ππ 00 ωω00

L

--ωω00

L

--ππ 22ππ

11

ππ ωω

Y(Y(ωω)  =  X(2)  =  X(2ωω))
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InterpolationInterpolation
Use Use lowpass lowpass filter afterfilter after upsamplingupsampling

x[n]x[n]
↑↑LL H(H(ωω))

y[n]y[n]u[n]u[n]

X(X(ωω))

ωω-- 22ππ 00 ωω00 22ππ

-- 22ππ 00 ωω00
LL

22ππ ωω

U(U(ωω))

ωω-- 22ππ
LL

Y(Y(ωω))

ωω00 22ππ00
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Fractional SamplingFractional Sampling
ConsiderConsider

x[n]x[n]
↑↑LL ↓↓MM

y[n]y[n]u[n]u[n]

Y(Y(ωω)  =  )  =  11 ∑∑ U (         )U (         )MM
ωω + 2+ 2ππkk

MM
MM--11

k=0k=0

= MM
MM--1111 ∑∑ X (           )X (           )
k=0k=0

ωω + 2+ 2ππkk
MM LL

What aboutWhat about x[n]x[n]
↓↓MM ↑↑LL

y[n]y[n]d[n]d[n]

Y(Y(ωω)  =  D()  =  D(ωωL)L)

= = ∑∑ X (           )X (           )11
MM

k=0k=0

MM--11 ωωL + 2L + 2ππkk
MM



Basic filters,Basic filters, upsamplingupsampling andand
downsamplingdownsampling..



1414



1515



1616



1717



1818



1919



2020



Filter Banks: time domainFilter Banks: time domain 
((HaarHaar example) and frequency domain;example) and frequency domain; 

conditions for alias cancellationconditions for alias cancellation 
and no distortionand no distortion 
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Simplest (nonSimplest (non--trivial) example of a two channel FIRtrivial) example of a two channel FIR 
perfect reconstruction filter bank.perfect reconstruction filter bank. 

hh00[n][n] 

hh11[n][n] 

flfl22 

flfl22 

x[n]x[n] 
yy00[n][n] 

yy11[n][n] ››22 

››22 

AnalysisAnalysis 

rr00[n][n] 

rr11[n][n] 

ff00[n][n] 

ff11[n][n] 

x[n]x[n]^̂ 
SynthesisSynthesis 

vv00[n][n] 

vv11[n][n]tt11[n][n] 

tt00[n][n] 

hh00[n] =[n] = ff00[n] =[n] = 
00 11 

11 
��22 

11 
��22 

11 
��22 

11 
��22 

--11 00 
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hh11[n] =[n] = ff11[n] =[n] = 

--11 
��22 

11 
��22 

--11 
��22 

11 
��22 

00 11 --11 00 

Analysis:Analysis: 

rr00[n] = (x[n] + x[n[n] = (x[n] + x[n –– 1])1]) lowpasslowpass filterfilter 

yy00[n] = r[n] = r00[2n][2n] downsamplerdownsampler 

yy00[n] =[n] = (x[2n] + x[2n(x[2n] + x[2n –– 1])1]) ----------------------------------jj 

SimilarlySimilarly 

yy11[n] = (x[2n][n] = (x[2n] –– x[2nx[2n –– 1])1]) ------------------------------------kk 

11 
��22 

11 
��22 

11 
��22 
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Matrix formMatrix form 

MM
MM 

== 

MM 
yy00[0][0] 
yy00[1][1] 

:: 

M 

:: 
yy11[0][0] 
yy11[1][1] 

11 
��22 

MM 
LL 1 1 0 01 1 0 0 LL 
LL 0 0 1 10 0 1 1 LL 

LL --1 1 0 01 1 0 0 LL 
LL 0 00 0 --1 11 1 LL 

MM 

:: 
x[x[--1]1] 
x[0]x[0] 
x[1]x[1] 

x[2]x[2] 

:: 
:: 

--------------------------------------ll
yyoo 

yy11 
== 

LL 

BB 
xx 
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SynthesisSynthesis 
yy00[n/2] n even[n/2] n even 

tt00[n] =[n] = upsamplerupsampler 
0 n odd0 n odd 

vv00[n] =[n] = ( t( t00[n + 1] + t[n + 1] + t00[n])[n]) lowpasslowpass filterfilter 

yy00[n/2] n even[n/2] n even 

yy00[ ] n odd[ ] n odd 

1
4

2
4

3
1

4
2

4
3

 

11 
��22 

1
4

2
4

3
1

4
2

4
3

 

= 
11 

��22 

11 
��22 

n + 1n + 1 
22 
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SimilarlySimilarly 

vv11[n] =[n] = 

1
4

2
4

3
1

4
2

4
3

 

11 
��22 yy11[n/2] n even[n/2] n even 

11 
��22 -- yy11[ ] n odd[ ] n oddn + 1n + 1 

22 

1
4

2
4

3
1

4
2

4
3

 

11 
��22 (y(y00[n/2] + y[n/2] + y11[n/2]) n even[n/2]) n even 

^̂ 

So, the reconstructed signal isSo, the reconstructed signal is 

x[n] = vx[n] = v00[n] + v[n] + v11[n][n] 

== 
11 
��22 (y(y00[ ][ ] -- yy11[ ]) n odd[ ]) n oddn + 1n + 1 

22 
n + 1n + 1 

22 
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i.e.i.e. 
x[2nx[2n--1] = (y1] = (y00[n][n] –– yy11[n]) = x[2n[n]) = x[2n--1]1] 

x[2n] = (yx[2n] = (y00[n] + y[n] + y11[n]) = x[2n][n]) = x[2n] 

So x[n] = x[n]So x[n] = x[n] �� Perfect reconstruction!Perfect reconstruction! 

In general, we will make all filters causal, so we willIn general, we will make all filters causal, so we will 
havehave 

x[n] = x[nx[n] = x[n –– nn00]] �� PR with delayPR with delay 

11 
��22 ^̂ 

11 
��22 

fromfrom jj andand kk 
^̂ 

^̂ 

^̂ 
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Matrix formMatrix form 

MM
MM== 

x[x[--1]1] 
x[0]x[0] 

x[1]x[1] 
x[2]x[2] 
MM 

11 
��22 

1 01 0 --1 01 0 
1 0 1 11 0 1 1 

0 1 00 1 0 --11 
0 10 1 --1 11 1 ^̂ 

^̂ 

^̂ 
^̂ yy00[0][0] 

yy00[1][1] 
MM 

MM 
yy11[0][0] 
yy11[1][1] 

MMMM MM MM 

LL LL 

MM MM 

LL LL 

MMMM MM MM 
MM 

^̂ x = Lx = LTT BBTT 
yy00 

yy11 

--------------------------------mm 
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Perfect reconstruction means that the synthesisPerfect reconstruction means that the synthesis 
bank is the inverse of the analysis bank.bank is the inverse of the analysis bank. 

x = xx = x �� LLTT BBT                           T = I= I 
LL 

BB 
^̂ 

123123 123123 

WW--11 WW 
Wavelet transformWavelet transform 
matrixmatrix łł 

�� 
�� 

ŁŁ 
�� 
�� 

In theIn the HaarHaar example, we have the special caseexample, we have the special case 

WW––11 = W= WTT fifi orthogonal matrixorthogonal matrix 
So we have anSo we have an orthogonalorthogonal filter bank, wherefilter bank, where 
Synthesis bank = Transpose of Analysis bankSynthesis bank = Transpose of Analysis bank 

ff00[n] = h[n] = h00[[-- n]n] 
ff11[n] = h[n] = h11[[-- n]n] 
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Perfect Reconstruction Filter BanksPerfect Reconstruction Filter Banks 
General twoGeneral two--channel filter bankchannel filter bank 

HH00(z)(z) 

HH11(z)(z) 

flfl22 

flfl22 

x[n]x[n] 

yy00[n][n] 

yy11[n][n] 
››22 

››22 
rr00[n][n] 

rr11[n][n] 

FF00(z)(z) 

FF11(z)(z) 

x[n]x[n]^̂ 

vv00[n][n] 

vv11[n][n]tt11[n][n] 

tt00[n][n] 

LL 

LL 

zz--transform definition:transform definition: 

X(z) =X(z) = �� x[n]zx[n]z--nn 

Put z =Put z = eeii ww to get DTFTto get DTFT 

¯̄ 

¥¥ 

n=n=--¥¥ 
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Perfect reconstruction requirement:Perfect reconstruction requirement: 

x[n] = x[nx[n] = x[n -- ll] (] (ll time delays)time delays) 

X(z) = zX(z) = z-- ll X(z)X(z) 
HH00(z) and H(z) and H11(z) are normally(z) are normally lowpasslowpass andand highpasshighpass,, 
but not idealbut not ideal 

^̂ 
^̂ 

�� DownsamplingDownsampling operation in each channel canoperation in each channel can 
produceproduce aliasingaliasing 

22 22 
--pp --pp 00 pp pp ww 

HH11((ww)) 11 HH00((ww)) HH11((ww)) 
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Let’s see why:Let’s see why: 

LowpassLowpass channel haschannel has 

YY00(z) =(z) = ½½{R{R00(z(z½½) + R) + R00((--zz½½)})} ((downsamplingdownsampling)) 

== ½½{H{H00(z(z½½) X (z) X (z½½) + H) + H00((--zz½½)X()X(--zz½½)})} 

In frequency domain:In frequency domain: 
X(z)X(z) fifi X(X(ww) or X() or X(eeiiww)) 
X(X(--z)z) fifi X(X(ww ++ pp)) 
X(zX(z½½)) fifi X( )X( ) 

YY00((ww) =) = ½½{H{H00( ) X( ) + H( ) X( ) + H00( +( + pp)X()X( ++ pp)})} 

ww 
22 

ww 
22 

ww 
22 

ww 
22 

ww 
22 
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Suppose X(Suppose X(ww) = 1 (input has all frequencies)) = 1 (input has all frequencies) 
Then RThen R00((ww) = H) = H00((ww), so that after), so that after downsamplingdownsampling we havewe have 

YY00((ww) =) = 

pp 

--pp 00 pp ww 

½½RR00( + )( + ) ½½ ½½RR00( )( ) ½½RR00( + )( + )ww 
22

ww 
22 

ww 
22 

pp 

aliasingaliasing 

Goal is to design FGoal is to design F00(z) and F(z) and F11(z) so that the overall(z) so that the overall 
system is just a simple delaysystem is just a simple delay -- with nowith no aliasingaliasing term:term: 

VV00(z) + V(z) + V11(z) = z(z) = z-- ll X(z)X(z) 
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VV00(z) = F(z) = F00(z) T(z) T00(z)(z) 

= F= F00(z) Y(z) Y00(z(z22)) ((upsamplingupsampling)) 

== ½½FF00(z){ H(z){ H00(z) X(z) + H(z) X(z) + H00((--z) X(z) X(--z)}z)} 

VV11(z) =(z) = ½½FF11(z){ H(z){ H11(z) X(z) + H(z) X(z) + H11((--z) X(z) X(--z)}z)} 

So we wantSo we want 

½½ {F{F00(z) H(z) H00(z) + F(z) + F11(z) H(z) H11(z) } X(z)(z) } X(z) 

+ =+ = zz-- ll X(z)X(z) 

½½ {F{F00(z) H(z) H00((--z) + Fz) + F11(z) H(z) H11((--z) } X(z) } X(--z)z) 



1515 

Compare terms in X(z) and X(Compare terms in X(z) and X(--z):z): 
1)1) Condition for no distortion (terms in X (z) amountCondition for no distortion (terms in X (z) amount 

to a delay)to a delay) 

FF00(z) H(z) H00(z) + F(z) + F11(z) H(z) H11(z) = 2z(z) = 2z-- ll 

2)2) Condition for alias cancellation (no term in X(Condition for alias cancellation (no term in X(--z))z)) 

FF00(z) H(z) H00((--z) + Fz) + F11(z) H(z) H11((--z) = 0z) = 0 

To satisfy alias cancellation condition, chooseTo satisfy alias cancellation condition, choose 

FF00(z) = H(z) = H11((--z)z) 
FF11(z) =(z) = --HH00((--z)z) 

----------------------------jj 

----------------------------kk 

--------------------------------------------ll 
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What happens in the time domain?What happens in the time domain? 
FF00(z) = H(z) = H11((--z) Fz) F00((ww) = H) = H11((ww ++ pp)) 

== �� hh11[n] ([n] (--z)z)--nn 

== �� ((--1)1)n n hh11[n] z[n] z--nn 

So the filter coefficients areSo the filter coefficients are 
ff00[n] = ([n] = (--1)1)nn hh11[n] alternating signs[n] alternating signs 
ff11[n] = ([n] = (--1)1)n+1n+1 hh00[n] rule[n] rule 

ExampleExample 
hh00[n] = { a[n] = { a00, a, a11, a, a22} f} f00[n] = { b[n] = { b00,, --bb11, b, b2 2 }} 

hh11[n] = { b[n] = { b00, b, b11, b, b22} f} f11[n] = {[n] = {--aa00, a, a11,, --aa22}} 

nn 

nn 
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Product FilterProduct Filter 
DefineDefine 

PP00(z) = F(z) = F00(z) H(z) H00(z)(z) 

Substitute FSubstitute F11(z) =(z) = --HH00((--z) , Hz) , H11(z) = F(z) = F00((--z)z) 
in the zero distortion condition (Equationin the zero distortion condition (Equation jj)) 

FF00(z) H(z) H00(z)(z) -- FF00((--z) Hz) H00((--z) = 2zz) = 2z-- ll 

i.e. Pi.e. P00(z)(z) -- PP00((--z) = 2zz) = 2z--ll 

Note:Note: ll must be odd since LHS is an odd function.must be odd since LHS is an odd function. 

------------------------------------------------------------mm 

--------------------------------------------------------nn 
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Normalized Product FilterNormalized Product Filter 
DefineDefine 

P(z) = zP(z) = zll PP00(z)(z) --------------------------------------------------------oo 

P(P(--z) =z) = --zzll PP00((--z) sincez) since ll is oddis odd 

So we can rewrite EquationSo we can rewrite Equation nn asas 
zz-- ll P(z) + zP(z) + z-- ll P(P(--z) = 2zz) = 2z-- ll 

i.e. P(z) + P(i.e. P(z) + P(--z) = 2z) = 2 ------------------------------------------------------pp 

This is the condition on the normalized product filterThis is the condition on the normalized product filter 
for Perfect Reconstruction.for Perfect Reconstruction. 
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Design ProcessDesign Process 
1.1. Design P(z) to satisfy EquationDesign P(z) to satisfy Equation pp. This gives. This gives 

PP00(z). Note: P(z) is designed to be(z). Note: P(z) is designed to be lowpasslowpass.. 
2.2. Factor PFactor P00(z) into F(z) into F00(z) H(z) H00(z). Use Equations(z). Use Equations ll toto 

find Hfind H11(z) and F(z) and F11(z).(z). 
Note: EquationNote: Equation pp requires all even powers of zrequires all even powers of z 
(except z(except z00) to be zero:) to be zero: 

�� p[n]zp[n]z--nn ++ �� p[n](p[n](--z)z)--nn = 2= 2 

�� p[n] =p[n] = 

nn nn 

1
2

3
1

2
3

 

1 ; n = 01 ; n = 0 
0 ; all even n (n0 ; all even n (n „„ 0)0) 
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For odd n, p[n] andFor odd n, p[n] and ––p[n] cancel.p[n] cancel. 
The odd coefficients, p[n], are free to be designedThe odd coefficients, p[n], are free to be designed 
according to additional criteria.according to additional criteria. 

Example:Example: HaarHaar filter bankfilter bank 

HH00(z) =(z) = (1 + z(1 + z--11) H) H11(z) = (1(z) = (1 –– zz--11)) 

FF00(z) = H(z) = H11((--z) =z) = (1 + z(1 + z--11)) 

FF11(z) =(z) = --HH00((--z) = (1z) = (1-- zz--11)) 

PP00(z) = F(z) = F00(z) H(z) H00(z) = (1 + z(z) = (1 + z--11))22 

11 
��22 

11 
��22 

11 
��22 
--11 

��22 
11 
22 
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So the Perfect Reconstruction requirement isSo the Perfect Reconstruction requirement is 

PP00(z)(z) –– PP00((--z) =z) = (1 + 2z(1 + 2z--11 + z+ z--22)) -- (1(1 ––2z2z--11 + z+ z--22)) 

= 2z= 2z--11 �� ll = 1= 1 

P(z) = zP(z) = zll PP00(z) = (1 + z)(1 + z(z) = (1 + z)(1 + z--11)) 

11 
22 

11 
22 

11 
22 

22ndnd orderorder 
zero atzero at 
z =z = --11 

lmlm 

11 RRee 

zz 
Zeros of P(z):Zeros of P(z): 
1 + z = 01 + z = 0 
1 + z1 + z--11 = 0= 0 



Course 18.327 and 1.130Course 18.327 and 1.130
Wavelets and Filter BanksWavelets and Filter Banks

Filter Banks (contd.): perfect Filter Banks (contd.): perfect 
reconstruction; reconstruction; halfband halfband filters and filters and 

possible factorizations.possible factorizations.
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Product FilterProduct Filter
Example:  Product filter of degree 6Example:  Product filter of degree 6

PP00(z)  =         ((z)  =         (--1 + 9z1 + 9z--2  2  +  16z+  16z--33 +  9z+  9z--44 -- zz--66))

PP00(z)   (z)   -- PP00((-- z)  =  2zz)  =  2z--33

⇒⇒ Expect perfect reconstruction with a 3 sample delayExpect perfect reconstruction with a 3 sample delay

Centered form:Centered form:

P(z)  =  zP(z)  =  z33PP00(z)  =         ((z)  =         (-- zz33 +  9z  +  16  +  9z+  9z  +  16  +  9z--11 –– zz--33))

P(z)  +  P(P(z)  +  P(-- z)  =  2    i.e. even part of P(z)  =  constz)  =  2    i.e. even part of P(z)  =  const

In the frequency domain:In the frequency domain:

P(P(ωω)  +  P()  +  P(ωω + + ππ)  =  2       )  =  2       Halfband Halfband ConditionCondition

11
1616

11
1616



33

22

00 ππ 22 ππ ωω

P(P(ωω))

Note Note antisymmetryantisymmetry
about about ωω =  =  ππ/2/2

P(P(ωω) is said to be a ) is said to be a halfband halfband filter.filter.

How do we factor PHow do we factor P00(z) into H(z) into H00(z) F(z) F00(z)?(z)?

PP00(z)  =  1(z)  =  1//16(1 + z16(1 + z--11))44((--1 + 4z1 + 4z--1 1 -- zz--22))

=  =  --11/16(1 + z/16(1 + z--11))44(2 +  (2 +  √√ 3 3 –– zz--11)(2 )(2 -- √√3 3 –– zz--11) ) 
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So PSo P00(z) has zeros at(z) has zeros at
z  =  z  =  --1  (41  (4thth order)order)
z  =  2 z  =  2 ±± √√3                     Note: 2  +  3                     Note: 2  +  √√3  =3  = 11

2 2 --√√33

44thth orderorder
zero atzero at
z = z = --11

--11

ImIm

PP00(z)(z)

11 ReRe22--√√33 2 + 2 + √√33
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Some possible factorizationsSome possible factorizations
HH00(z)      (or F(z)      (or F00(z) )                       F(z) )                       F00(z)       (or  H(z)       (or  H00(z) )(z) )

(a)(a) 1                                                 1                                                 --1/16(1 + z1/16(1 + z--11))44(2 + (2 + √√3 3 -- zz--11)(2 )(2 -- √√3 3 -- zz--11))
(b)(b) ½½(1 + z(1 + z--11)                                     )                                     --1/8(1 + z1/8(1 + z--11))33(2 + (2 + √√3 3 -- zz--11)(2 )(2 -- √√3 3 -- zz--11))
(c)(c) ¼¼(1 + z(1 + z--11))2                                                       2                                                       --1/4(1 + z1/4(1 + z--11))22(2 + (2 + √√3 3 -- zz--11)(2 )(2 -- √√3 3 -- zz--11))
(d)(d) ½½(1 + z(1 + z--11)(2 + )(2 + √√3 3 -- zz--11)) --1/8(1 + z1/8(1 + z--11))33(2 (2 -- √√3 3 -- zz--11))
(e)(e) 1/8(1 + z1/8(1 + z--11))3                                                      3                                                      --1/2(1 + z1/2(1 + z--11)(2 + )(2 + √√3 3 -- zz--11)(2 )(2 -- √√3 3 -- zz--11))
(f)(f) (1 + z(1 + z--11))22(2 + (2 + √√3 3 -- zz--11) ) (1 + z(1 + z--11))22(2 (2 -- √√3 3 -- zz--11))

(g)(g) 1/16(1 + z1/16(1 + z--11))4                                                     4                                                     --(2 + (2 + √√3 3 -- zz--11)(2 )(2 -- √√3 3 -- zz--11))

((√√3 3 –– 1)1)
4 4 √√22

--√√22
4 (4 (√√3 3 –– 1)1)
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Case (b)  Case (b)  ---- Symmetric filters (linear phase)Symmetric filters (linear phase)

3rd 3rd 
orderorder

--11 22--√√33 2 + 2 + √√33--11

filter length = 2                               filter length = filter length = 2                               filter length = 66
½½{ 1, 1 }                                           { 1, 1 }                                           ¹¹//8 8 {{--1, 1, 8, 8, 1, 1, 1, 8, 8, 1, --1}1}
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--11

Case (c) Case (c) ---- Symmetric filters (linear phase)Symmetric filters (linear phase)

22ndnd

orderorder
22ndnd

orderorder

--11 22--√√33 2 + 2 + √√33

filter length = 3                         filter length = 5filter length = 3                         filter length = 5
¼¼ { 1, 2, 1 }                                { 1, 2, 1 }                                ¼¼ { { --1, 2, 6, 2, 1, 2, 6, 2, --1}1}
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Case (f) Case (f) ---- Orthogonal filters Orthogonal filters 
(minimum phase/maximum phase)(minimum phase/maximum phase)

--11

22ndnd

orderorder

--11 2 + 2 + √√33

22ndnd

orderorder

22--√√33

filter length = 4                                  filter lefilter length = 4                                  filter length = 4ngth = 4
11
2244√√ 6

7
8

6
7

8

6
7

8
6

7
81+1+√√3, 3+3, 3+√√3, 33, 3--√√3, 13, 1--√√33

6
7

8
6

7
8

11--√√3, 33, 3--√√3, 3+3, 3+√√3, 1+3, 1+√√33

6
7

8
6

7
8

11
44√√22

Note that, in this case, one filter is the flip (transpose) Note that, in this case, one filter is the flip (transpose) 
of the other:     fof the other:     f00[n]  =  h[n]  =  h00[3 [3 -- n]n]

FF00(z)  =  z(z)  =  z--33 HH00(z(z--11))
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General form of product filter (to be derived later):General form of product filter (to be derived later):

P(z)  =  2(       )P(z)  =  2(       )pp(        )(        )p  p  ∑∑ (          )(      )(          )(      )kk(       )(       )kk

PP00(z) =  z(z) =  z--(2p (2p ––1) 1) P(z)P(z)

=  (1 + z=  (1 + z--11))2p           2p           ∑∑ (          )((          )(--1)1)k k z z --(p (p -- 1) + k1) + k(        )(        )

1 + z1 + z
22

1 + z1 + z
22

--11 p p -- 11

k = 0k = 0
p + k p + k -- 11

kk
1 1 -- zz

22
1 1 –– zz--11

22

11
2 2 2p2p--11

p p -- 11

k = 0k = 0
p + k p + k -- 11

kk
1 1 –– zz--1    2k1    2k

22
123123 14444442444444431444444244444443

BinomialBinomial
((splinespline))

filterfilter

Q(z)Q(z)
Cancels all odd powersCancels all odd powers

except zexcept z––(2p(2p--1)1)

PP00(z) has 2p zeros at (z) has 2p zeros at ππ (important for stability of iterated (important for stability of iterated 
filter bank.)filter bank.)
Q(z) factor is needed to ensure perfect reconstruction.Q(z) factor is needed to ensure perfect reconstruction.
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p  =  1p  =  1

PP00(z) has degree 2 (z) has degree 2 →→ leads to leads to Haar Haar filter bank.filter bank.

1 + z1 + z--11

22

1 1 -- zz--11

↓↓22

↓↓22
Ò

1, 1, 1, 11, 1, 1, 1

Ò

Ò Ò

Ò 0, 00, 0

1 + z1 + z--11

22
↓↓22Ò Ò

1 1 -- zz--11 ↓↓22Ò Ò

1, 11, 1
11

00

FF00(z)  =  1 + z(z)  =  1 + z--11 ,  H,  H00(z)  =(z)  =
Synthesis Synthesis lowpass lowpass filter has 1 zero at filter has 1 zero at ππ
→→ Leads to cancellation of constant signals in analysisLeads to cancellation of constant signals in analysis

highpasshighpass channel.channel.
Additional zeros at Additional zeros at ππ would lead to cancellation of would lead to cancellation of 
higher order polynomials.higher order polynomials.

1 + z1 + z--11

22
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p  =  2p  =  2

PP00(z) has degree 4p (z) has degree 4p –– 2  =  62  =  6

PP00(z)  =  (1 + z(z)  =  (1 + z--11))4       4       { (  ) z{ (  ) z--1 1 –– (   )(        )(   )(        )22}}

=      (1 + z=      (1 + z--11))44( ( -- 1 +  4z1 +  4z--11 -- zz--22))

=      {=      {-- 1 + 9z1 + 9z--22 + 16z+ 16z--33 + 9z+ 9z--44 –– zz--66}  }  

11
88

11
00

22
11

1 1 –– zz--11

22
11

1616

11
1616

44thth orderorder

--11
1122--√√33 2 + 2 + √√33

Possible factorizationsPossible factorizations
1/8 trivial1/8 trivial
2/62/6
3/53/5
4/4 orthogonal4/4 orthogonal

((DaubechiesDaubechies--4)4)

6
7

8
6

7
8 linear phaselinear phase
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p  =  4p  =  4
PP00(z) has degree 4p (z) has degree 4p –– 2  =  142  =  14

88thth orderorder

--11



1313

Common factorizations (p = 4):Common factorizations (p = 4):
(a)  9/7                                                      Kn(a)  9/7                                                      Known in own in MatlabMatlab

as bior4.4as bior4.4

44thth

orderorder

--11

44thth

orderorder

--11
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(b)  8/8 ((b)  8/8 (Daubechies Daubechies 8)   8)   ---- Known in Known in Matlab Matlab as db4as db4

44thth

orderorder

--11

44thth

orderorder

--11
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Why choose a particular factorization?Why choose a particular factorization?
Consider the example with p  =  2:Consider the example with p  =  2:
i.i. One of the factors is One of the factors is halfbandhalfband

The trivial 1/8 factorization is generally not desirable,The trivial 1/8 factorization is generally not desirable,
since each factor should have at least one zero at since each factor should have at least one zero at ππ..
However, the fact that FHowever, the fact that F00(z) is (z) is halfband halfband is interesting is interesting 
in itself.in itself.

V(z)                      X(z)                  V(z)                      X(z)                  Y(z)Y(z)

Let FLet F00(z) be centered, for convenience.  Then(z) be centered, for convenience.  Then
FF00(z)  =  1 + odd powers of z(z)  =  1 + odd powers of z

NowNow
X(z)  =  V(zX(z)  =  V(z22)  =  even powers of z only)  =  even powers of z only

↑↑22 FF00(z)(z)
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SoSo
Y(z)  =  FY(z)  =  F00(z) X(z) (z) X(z) 

=  X(z) + odd powers     =  X(z) + odd powers     
y[n]  =         x[n]              y[n]  =         x[n]              ;   n even;   n even

∑∑ ff00[k]x[n [k]x[n –– k] ;   k] ;   n oddn odd

⇒⇒ ff00[n] is an interpolating filter[n] is an interpolating filter
6

7
8

6
7

8
k oddk odd

y[n]y[n]

--22 0         2          40         2          4 nn

•
x[n]x[n]

0         2          40         2          4
• •• • ••

••
••
--22 nn

Another example: fAnother example: f00[n]  =                [n]  =                
(ideal (ideal bandlimited bandlimited 
interpolating filter)  interpolating filter)  

sinsin
ππnn

ππ
22 nn(( ))

• •• • ••

••
••

•
•

••
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ii.ii. Linear phase factorization  e.g. 2/6, 5/3Linear phase factorization  e.g. 2/6, 5/3
Symmetric (or Symmetric (or antisymmetricantisymmetric) filters are desirable for) filters are desirable for
many applications, such as image processing.  Allmany applications, such as image processing.  All
frequencies in the signal are delayed by the samefrequencies in the signal are delayed by the same
amount i.e. there is no phase distortion.amount i.e. there is no phase distortion.

h[n] linear phase h[n] linear phase ⇒⇒ A(A(ωω)e)e––i(i(ωω αα + + θθ))

real      delays all            0 if symmetricreal      delays all            0 if symmetric
frequenciesfrequencies
by by αα samplessamples

Linear phase may not necessarily be the best choice for Linear phase may not necessarily be the best choice for 
audio applications due to audio applications due to preringingpreringing effects. effects. 

ππ
22

if if antisymmetricantisymmetric
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iii.iii. Orthogonal factorizationOrthogonal factorization
This leads to a minimum phase filter and a maximum This leads to a minimum phase filter and a maximum 
phase filter, which may be a better choice for phase filter, which may be a better choice for 
applications such as audio.  The orthogonal applications such as audio.  The orthogonal 
factorization leads to the factorization leads to the Daubechies Daubechies family of family of 
wavelets wavelets –– a particularly neat and interesting case.a particularly neat and interesting case.
4/4 factorization:4/4 factorization:

HH00(z)  =        (1 + z(z)  =        (1 + z--11))22[(2 + [(2 + √√3) 3) –– zz--11]]

=      {(1 + =      {(1 + √√3) + (3 + 3) + (3 + √√3)z3)z--11 + (3 + (3 --√√3)z3)z--22 + (1+ (1-- √√3)z3)z--33}}

FF00(z)  =          (1 + z(z)  =          (1 + z--11))22[(2 [(2 -- √√3) 3) –– zz--11]]

=       z=       z --33 (1 + z(1 + z22)[(2 + )[(2 + √√3) 3) -- z]z]

√√3 3 -- 11
44√√22

11
44√√22

-- √√22
4(4(√√33--1)1)

√√33--11
44√√22

= z= z--33 HH00 (z(z--11))
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P(z)  =  zP(z)  =  zllPP00(z)(z)

=  H=  H00(z) H(z) H00(z(z--11))

From alias cancellation condition:From alias cancellation condition:

HH11(z)  =  F(z)  =  F00((--z)  =  z)  =  --zz--33 HH00((--zz--11))

FF11(z)  =  (z)  =  --HH00((--z)  =  zz)  =  z--33 HH11(z(z--11)    )    
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Special Case:  Orthogonal Filter BanksSpecial Case:  Orthogonal Filter Banks

Choose HChoose H11(z) so that(z) so that

HH11(z)  =  (z)  =  -- zz--NN HH00((-- zz--11)                N odd)                N odd

Time domainTime domain

hh11[n]  =  ([n]  =  (-- 1)1)nn hh00[N [N –– n]n]

FF00(z)  =  H(z)  =  H11 ((-- z)  =  zz)  =  z--NN HH00(z(z––11))
⇒⇒ ff00[n]  =  h[n]  =  h00[N [N –– n]n]
FF11(z)  =  (z)  =  -- HH00((-- z)  =  zz)  =  z--NN HH11(z(z--11))
⇒⇒ff11[n]  =  h[n]  =  h11[N [N –– n]n]
So the synthesis filters, So the synthesis filters, ffkk[n], are just the time[n], are just the time--reversed reversed 
versions of the analysis filters, versions of the analysis filters, hhkk[n], with a delay.[n], with a delay.
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Why is the Why is the Daubechies Daubechies factorization orthogonal?factorization orthogonal?
Consider the centered form of the filter bank:Consider the centered form of the filter bank:

no delayno delay
in centeredin centered
formform

HH00[z][z]

HH11[z][z]

↓↓22

↓↓22

x[n]x[n]
yy00[n][n]

yy11[n][n] ↑↑22

↑↑22 HH00(z(z--11))
x[n]x[n]

HH00(z(z--11))

⊕

Analysis bankAnalysis bank
causal causal –– onlyonly

negative powers negative powers 
of zof z

Synthesis bankSynthesis bank
anticausal anticausal –– onlyonly
positive powerspositive powers

of zof z
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In matrix form:In matrix form:

Analysis                               SynthesisAnalysis                               Synthesis

yyoo

yy11
==

LL

BB
xx x     =   Lx     =   LTT BBTT

yy00

yy11
123123 123123

W                                    WW                                    W TT

SoSo
x  =  Wx  =  WTTW x  for any xW x  for any x

WWTTW  =  I  =  WWW  =  I  =  WWTT

An important fact:  symmetry prevents An important fact:  symmetry prevents orthogonalityorthogonality



2323

MatlabMatlab Example 2Example 2

1.1. Product filter examplesProduct filter examples
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DegreeDegree--2 (p=1): pole2 (p=1): pole--zero plotzero plot
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DegreeDegree--2 (p=1): Freq. response2 (p=1): Freq. response
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DegreeDegree--6 (p=2): pole6 (p=2): pole--zero plotzero plot
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DegreeDegree--6 (p=2): Freq. response6 (p=2): Freq. response
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DegreeDegree--10 (p=3): pole10 (p=3): pole--zero plotzero plot
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DegreeDegree--10 (p=3): Freq. response10 (p=3): Freq. response
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DegreeDegree--14 (p=4): pole14 (p=4): pole--zero plotzero plot
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DegreeDegree--14 (p=4): Freq. response14 (p=4): Freq. response


