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Modulation MatrixModulation Matrix

Matrix form of PR conditions:Matrix form of PR conditions:
[F[F00 (z)  F(z)  F1 1 (z)]     H(z)]     H00(z)  H(z)  H00((--z)       =  [ 2z z)       =  [ 2z ––ll 0 ]0 ]

HH11(z)  H(z)  H11((--z)z)

So                             So                             

[ F[ F00(z)  F(z)  F11(z)]  =   [2z (z)]  =   [2z ––ll 0]  0]  HHmm
––11(z)(z)

HHmm
––11(z)  = (z)  = 11

123123
Modulation matrix,Modulation matrix, HHmm(z)(z)

?? =  =  HH00(z) H(z) H11((--z)  z)  -- HH00 ((--z) Hz) H11 (z)   (must be non(z)   (must be non--zero)zero)

HH11((--z)  z)  --HH00((--z) z) 
--HH11(z)     H(z)     H00(z)(z)

??
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⇒⇒ FF00(z) = (z) = 
11
??

2z2z--ll HH11((--z)z)

FF11(z) =  (z) =  -- 11
??

2z2z--ll HH00((--z)z)

6
7

8
6

7
8 Require these Require these 

to be FIRto be FIR

Suppose we choose Suppose we choose ?? = 2z = 2z -- ll

ThenThen

FF00(z) = H(z) = H11((--z)z)

FF11(z) = (z) = --HH00((--z)z)
6

7
8

6
7

8
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Synthesis modulation matrix:Synthesis modulation matrix:
Complete the second row of matrix PR conditionsComplete the second row of matrix PR conditions
by replacing z with by replacing z with ––z:z:

FF00(z)   F(z)   F11(z)       H(z)       H00(z)    H(z)    H00((--z)                 zz)                 z --ll 00

FF00((--z)  Fz)  F11((--z)      Hz)      H11(z)    H(z)    H11((--z)                0  z)                0  ((--z) z) -- ll

Synthesis Synthesis 
modulationmodulation
matrix, Fmatrix, Fmm(z)(z)

123123

Note the transpose convention in FNote the transpose convention in Fmm(z).(z).

=  2=  2
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Noble IdentitiesNoble Identities
1.1. ConsiderConsider

U(z) = H(zU(z) = H(z22)X(z))X(z)
Y(z) = ½ {U(z Y(z) = ½ {U(z ½ ½ ) + U() + U(--z z ½ ½ )}                  ()}                  (downsamplingdownsampling))

= ½ { H (z) X (z = ½ { H (z) X (z ½½ ) + H(z) X ) + H(z) X ((--zz½ ½ )})}
= H(z) = H(z) •• ½ {½ {XX (z (z ½½) + X () + X (--z z ½½ )}  )}  ⇒⇒ can can downsample                                                      downsample                                                      

first   first   
First Noble identity:First Noble identity:

x [n]x [n]

x [n]x [n]
H(zH(z22)) ↓↓ 22 y[n]y[n]u[n]u[n]

↓↓ 22 H(z)H(z)
y[n]y[n]

≡≡ y[n]y[n]xx[n][n]
H(zH(z22)) ↓↓ 22
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2. 2. ConsiderConsider

xx[n]                        u[n]                        y[n] [n]                        u[n]                        y[n] 

U(z) = H(z) X(z)U(z) = H(z) X(z)
Y(z) = U(zY(z) = U(z22)                   ()                   (upsamplingupsampling))

= H(z= H(z22) X(z) X(z22)       )       ⇒⇒ can can upsample upsample firstfirst

Second Noble Identity:Second Noble Identity:
  xx[n]                           y[n]       [n]                           y[n]       xx[n]                               y[n][n]                               y[n]

H(z)H(z) ↑↑22

≡≡ ↑↑22H(z)H(z)↑↑22 H(zH(z22))
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Derivation of Polyphase FormDerivation of Polyphase Form
1.1. Filtering and Filtering and downsamplingdownsampling::

xx[n]                                     y[n][n]                                     y[n]
↓↓22H(z)H(z)

H(z)  =  H(z)  =  HHeveneven(z(z22)  +  z)  +  z--11 HHoddodd(z(z22); ); hheveneven[n] = h[2n][n] = h[2n]
hhoddodd[n] =  h[2n+1][n] =  h[2n+1]

xx[n][n] ++

HHeveneven(z(z22))

HHoddodd(z(z22))
↓↓22

y[n]y[n]

zz--11
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xx[n][n]

zz--11

HHeveneven(z(z22))

HHoddodd(z(z22))

↓↓22

↓↓22

y[n]y[n]
++

zz--11

HHeveneven(z)(z)

HHoddodd(z)(z)

↓↓22

↓↓22

y[n]y[n]
++

  xx[n][n]

PolyphasePolyphase
FormForm

xxeveneven[n][n]

xxoddodd[n[n--1]1]
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2.2. Upsampling Upsampling and filteringand filtering

xx[n]                                               y[n][n]                                               y[n]

F(z) = F(z) = FFeveneven(z(z22) + z) + z--11 FFoddodd (z(z22))

F(z)F(z)↑↑22

xx[n][n] ++
FFeveneven(z(z22))

FFoddodd(z(z22))
↑↑22

y[n]y[n]

zz--11
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FFeveneven(z(z22))

FFoddodd(z(z22))

↑↑22

↑↑22

y[n]y[n]
++

  xx[n][n]

FFeveneven(z)(z)

FFoddodd(z)(z)

↑↑22

↑↑22

y[n]y[n]
++

  xx[n][n]
yyeveneven[n][n]

yyoddodd[n][n]

zz--11

PolyphasePolyphase
FormForm

zz--11
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Polyphase MatrixPolyphase Matrix
Consider the matrix corresponding to the analysis Consider the matrix corresponding to the analysis 
filter bank in filter bank in interleavedinterleaved form.  This is a block form.  This is a block 
Toeplitz Toeplitz matrix:matrix:

HHbb==
LL
LL

hh00[3]  h[3]  h00[2][2]
hh11[3]  h[3]  h11[2][2]

hh00[1]  h[1]  h00[0]       0        0  [0]       0        0  
hh11[1]  h[1]  h11[0]       0        0[0]       0        0

LL

LL

LL 0        0     h0        0     h00[3]  h[3]  h00[2]    h[2]    h00[1]  h[1]  h00[0][0]
LL 0        0     h0        0     h11[3]  h[3]  h11[2]    h[2]    h11[1]  h[1]  h11[0][0]

LL
LL

LL

44--tap Exampletap Example

MM
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Taking block zTaking block z--transform we get:transform we get:

HHpp(z) =       h(z) =       h00[0]  h[0]  h00[1][1]
hh11[0]  h[0]  h11[1]      [1]      +  z+  z--11 hh00[2]  h[2]  h00[3][3]

hh11[2]  h[2]  h11[3][3]

==
hh11[0] + z[0] + z--11 hh11[2]     h[2]     h11[1] + z[1] + z--11 hh11[3][3]
hh00[0] + z[0] + z--11 hh00[2]   [2]   hh00[1] + z[1] + z--11 hh00[3][3]

== HH0,even0,even (z)       H(z)       H0,odd0,odd (z)(z)
HH1,even1,even (z)       H(z)       H1,odd 1,odd (z)(z)

This is the polyphase matrix for a 2This is the polyphase matrix for a 2--channel filter bank.channel filter bank.
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Similarly, for the synthesis filter bank:Similarly, for the synthesis filter bank:

FFbb = = ff00[0]  f[0]  f11[0][0]
ff00[1]  f[1]  f11[1][1]

ff00[2]  f[2]  f11[2][2]
ff00[3]  f[3]  f11[3][3]

ff00[0]  f[0]  f11[0][0]
ff00[1]  f[1]  f11[1][1]

ff00[2]  f[2]  f11[2][2]
ff00[3]  f[3]  f11[3][3]

0        00        0
0        00        0

0           00           0
0           00           0

MM MM MM MM

LL

MM MM MMMM

LL
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Note transpose Note transpose 
convention for convention for 
synthesissynthesis
polyphase matrixpolyphase matrix

ff00[0]  f[0]  f11[0][0]
ff00[1]  f[1]  f11[1][1]

ff00[2]  f[2]  f11[2][2]
ff00[3]  f[3]  f11[3][3]+ z+ z--11FFpp(z)  =(z)  =

== FF0,even 0,even [z]  F[z]  F1,even 1,even [z][z]
FF0, odd  0, odd  [z]  F[z]  F1, odd  1, odd  [z][z]

• Perfect reconstruction condition in polyphase domain:Perfect reconstruction condition in polyphase domain:

FFpp(z)  H(z)  Hpp(z)  = I   (centered form(z)  = I   (centered form))

This means that HThis means that Hpp(z) must be invertible for all z on the (z) must be invertible for all z on the 
unit circle, i.e.unit circle, i.e.

detdet HHpp((eeiiωω)  )  ≠≠ 0 for all frequencies 0 for all frequencies ωω..
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•• Given that the analysis filters are FIR, the Given that the analysis filters are FIR, the 
requirement for the synthesis filters to be also requirement for the synthesis filters to be also 
FIR is:FIR is:

det det HHpp(z)  = z(z)  = z--ll (simple delay)(simple delay)

because  Hbecause  Hpp
--11(z)  must be a polynomial.(z)  must be a polynomial.

•• Condition for orthogonality: Condition for orthogonality: FFpp(z) is the transpose (z) is the transpose 
of Hof Hpp(z), i.e.(z), i.e.

HHpp
TT(z(z--11)  H)  Hpp(z)  = I(z)  = I

i.e. Hi.e. Hpp(z) should be (z) should be paraunitaryparaunitary. . 
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Relationship between Modulation Relationship between Modulation 
and Polyphase Matricesand Polyphase Matrices

hh0,even0,even[n] = h[n] = h00[2n][2n]
HH00(z) = H(z) = H0,even0,even(z(z22) + z) + z--11 HH0,odd0,odd(z(z22) ;) ;

hh0,odd0,odd[n] = h[n] = h00[2n+1][2n+1]
HH11(z) = H(z) = H1,even1,even(z(z22) + z) + z--11 HH1,odd1,odd(z(z22))
Two more equations by replacing z with Two more equations by replacing z with --z.z.
So in matrix form:So in matrix form:

HH00(z)  H(z)  H00((--z)         Hz)         H0,even0,even(z(z22)  H)  H0,odd0,odd(z(z22)     1      1)     1      1
HH11(z)  H(z)  H11((--z)         Hz)         H1,even1,even(z(z22)  H)  H1,odd1,odd(z(z22)     z)     z--11 --zz--11

123123 123123
HHmm(z)(z)

Modulation matrixModulation matrix
HHpp(z(z22))

Polyphase matrixPolyphase matrix

==

1
4

2
4

3
1

4
2

4
3
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ButBut
1      1                 1               1    11      1                 1               1    1
zz--11 --zz--11 zz--11 1   1   --11==

123123 123123

FF22
Delay Matrix   2Delay Matrix   2--point DFT Matrixpoint DFT Matrix

DD22(z)(z)

FFNN = = 

1    1     1   …   11    1     1   …   1
1    1    ww ww22 …   …   w w NN--11

1    1    ww2 2 ww44 …   …   ww 2(N2(N--1)1)

.      .      ..      .      .

.      .      ..      .      .

.      .      ..      .      .
1    1    wwNN--11 ww2(N2(N--1)1) ww(N(N--1)1)22

;   w = ;   w = eei                   i                   NN--point DFTpoint DFT
MatrixMatrix

NN

FFN   N   =   =   1  1  FFNN
Complex conjugate: replace Complex conjugate: replace ww with with ww = e= e--iiNN

--11

22ππ

NN
22ππ
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So, in generalSo, in general

HHmm(z) F(z) F--11 =     H=     Hpp((zzNN) D) DNN(z)(z)

N = # of channels in N = # of channels in filterbankfilterbank
(N = 2 in our example)(N = 2 in our example)

NN
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Polyphase MatrixPolyphase Matrix
Example: Daubechies 4Example: Daubechies 4--tap filter tap filter 

1+1+√√3              3 + 3              3 + √√3                3 3                3 --√√3              13              1 -- √√33
4 4 √√2                42                4 √√2                    42                    4 √√2                42                4 √√22

{(1 + {(1 + √√3 ) + (3 + 3 ) + (3 + √√3 ) z3 ) z--1 1 + (3 + (3 -- √√ 3) z3) z--2 2 + (1 + (1 -- √√3) z3) z--33}}

hh00[0] =[0] =

HH00(z) =(z) =

HH11(z) = (z) = 11
44√√22

{(1 {(1 -- √√3) 3) –– (3 (3 -- √√3) z3) z--11 + (3 + + (3 + √√3)z3)z--22 –– (1 + (1 + √√3)z3)z--33}}

44√√22
11

hh00[1] =[1] = hh00[2] =[2] = hh00[3] =[3] =
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Time domain:Time domain:
hh00[0][0]22 + h+ h00[1][1]22 + h+ h00[2][2]22 + h+ h00[3][3]22 =  =  1  1  {(4 + 2{(4 + 2√√3) + (12 + 6 3) + (12 + 6 √√3) +3) +

(12 (12 –– 6 6 √√3)  + (4 3)  + (4 –– 2 2 √√3)}3)}
= 1= 1

hh00[0] h[0] h00[2] + h[2] + h00[1] h[1] h00[3]   =   [3]   =   11 {(2{(2√√3) + (3) + (--22√√3)}3)}

= 0= 0

i.e. filter is orthogonal to its double shiftsi.e. filter is orthogonal to its double shifts

3232

3232
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Polyphase Domain:Polyphase Domain:
{(1 + {(1 + √√3) + (3 3) + (3 --  √ √3) z3) z--11}}

{(3 + {(3 + √√3) + (1 3) + (1 -- √√3) z3) z--11}}

{(1 {(1 -- √√3) + (3 + 3) + (3 + √√3) z3) z--11}}

{ { -- (3 (3 -- √√3) 3) –– (1 + (1 + √√3) z3) z--11}}11
44 √ √22

11
44 √ √22

11
44 √ √22

11
44 √ √22

==

==

==

==

HH0,even0,even(z)(z)

HH0,odd0,odd(z)(z)

HH1,even1,even(z)(z)

HH1,odd1,odd(z)(z)

1 + 1 + √√3     3 + 3     3 + √√3                 3 3                 3 -- √√3         1 3         1 -- √√33

1 1 -- √√3     3     --(3 (3 -- √√3)               3 + 3)               3 + √√3     3     --(1 + (1 + √√3) 3) 

HHpp(z) =(z) = 11
44√√22

11
44√√22++

123123 123123
BBAA

zz--11
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HHpp(z) = A + B z(z) = A + B z--11

HHpp
TT(z(z--11) H) Hpp(z)  = (A(z)  = (ATT + B+ BTT z)(A + z)(A + BzBz--11))

= (A= (ATTA + BA + BTTB) + B) + AATTBzBz--11 + + BBTTAzAz

AATTA =A = 11
44√√22

1 + 1 + √√33
3 +3 + √√33

1 1 -- √√33
-- (3 (3 -- √√3)3)

11
44√√22

1 + 1 + √√3     3 + 3     3 + √√33
1 1 -- √√3     3     --(3(3--√√3)3)

(4 + 2(4 + 2√√3) + (4 3) + (4 -- 22√√3)   (6 + 43)   (6 + 4√√3)   3)   -- (6 (6 -- 44√√3)3)
(6 + 4(6 + 4√√3) 3) -- (6 (6 -- 44√√3)   (12 + 63)   (12 + 6√√3) + (12 3) + (12 -- 66√√3)3)

== 11
3232

¼¼ √√3/43/4

√√3/4   3/4   ¾¾==
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BBTTB  =B  = 11
4 4 √√22

3 3 -- √√3    3 + 3    3 + √√33
1 1 -- √√3 3 --(1 + (1 + √√3)3)

11
4 4 √√22

3 3 -- √√3      1 3      1 -- √√33
3 + 3 + √√3  3  -- (1 + (1 + √√3)3)

==
11
3232

(12 (12 –– 66√√3) + (12 + 63) + (12 + 6√√3)   (6 3)   (6 -- 44√√3) 3) -- (6 + 4(6 + 4√√3)3)
(6 (6 -- 44√√3) 3) –– (6 + 4(6 + 4√√3)        (4 3)        (4 -- 22√√3) + (4 + 23) + (4 + 2√√3)3)

== ¾¾ -- √√3/43/4

-- √√3/4   3/4   ¼¼

⇒⇒ AATTA + BA + BTTB  =  IB  =  I
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AATTB =B = 11
4 4 √√22

1 + 1 + √√3    1 3    1 --√√33
3 + 3 + √√3  3  --(3(3--√√3)3)

3 3 -- √√3    1 3    1 --√√33
3 + 3 + √√3  3  --(1+(1+√√3)3)

11
4 4 √√22

11
3232==

(2 (2 √√3) + (3) + (--22√√3)    (3)    (--2) 2) –– ((--2)2)
(6) (6) –– (6)              ((6)              (--2 2 √√3) + (2 3) + (2 √√3)3)

=    0=    0

BBTTA   =    (AA   =    (ATTB)B)TT =  0=  0

SoSo

HHpp
TT(z(z--11)  H)  Hpp(z)  =  I  (z)  =  I  i.e. Hi.e. Hpp(z) is a (z) is a ParaunitaryParaunitary MatrixMatrix
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Modulation domain:Modulation domain:

HH00(z)  H(z)  H00(z(z--11)  =  P(z)  =)  =  P(z)  = 11
1616 ((--zz33 + 9z + 16 + 9z+ 9z + 16 + 9z--11 –– zz--33))

HH00((--z) Hz) H00((--zz--11) = P() = P(--z)  =z)  = 11
1616 (z(z33 –– 9z + 16 9z + 16 –– 9z9z--11 + z+ z--33))

SoSo
HH00(z) H(z) H00(z(z--11)   +  H)   +  H00((--z)  Hz)  H00((--zz--11)  =  2)  =  2

i.e.i.e.
|H|H00((ωω)|)|^2^2 +  |H+  |H00((ω + πω + π)|)|^2^2 =  2=  2
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Orthogonality Orthogonality Condition (Condition O) Condition (Condition O) 
in the Time Domain, Modulation in the Time Domain, Modulation 
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Unitary MatricesUnitary Matrices 
The constant complex matrix A is said to be unitary ifThe constant complex matrix A is said to be unitary if 
AA†† A  A 

example:example: 

A =A = 11 
��22 

1    1 --ii 
i   i --11 A* =A* = 11 

��22 
1     1 
--i   i --11 

AA--11 == --11 
��22 

--1    1 
--i    i AA†† = = A*A*TT == 11 

��22 
1    1 --ii 
i   i --11 

�� AA†† =  = --11 

I=   I = 

ii 

ii 
11 

AA
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The matrix function H(z) is said to be The matrix function H(z) is said to be paraunitary paraunitary ifif 
it is unitary for all values of the parameter zit is unitary for all values of the parameter z 

HHTT(z(z--11)  ) „„ 0 0 ----------------------------------(1)(1) 

Frequency Domain:Frequency Domain: 
HHTT((--ww)  ) ww)  ) ww 

or  or TT((ww)  ) ww) =  ) = 

Note: we are assuming that h[n] are real.Note: we are assuming that h[n] are real. 

Paraunitary Paraunitary MatricesMatrices 

for all z I             =  H(z)  for all z I = H(z) 

H(H( for all I           =  for all I = 
H*H* H(H( II 
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Orthogonal Filter BanksOrthogonal Filter Banks 
Centered form (PR with no delay):Centered form (PR with no delay): 

yy00[n][n] 

>>>> 

>> 

>> 

>> 

>>>> 

>>>> >> >> 

>>
x[n]x[n]x[n]x[n] hh00[n][n] 

hh11[n][n] 

flfl22 

flfl22 

››22 

››22 

hh00[[--n]n] 

hh11[[--n]n] 
yy11[n][n] 

Synthesis bank = transpose of analysis bankSynthesis bank = transpose of analysis bank 

hh00[n]  [n] �� ff00[n] [n] ”” hh00[[--n] n] anticausalanticausal 

++ 

causal causal 
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What are the conditions on hWhat are the conditions on h00[n], h[n], h11[n], in the[n], in the 

(i)(i) time domain?time domain? 
(ii)(ii) polyphasepolyphase domain?domain? 
(iii)(iii) modulation domain?modulation domain? 
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Time DomainTime Domain 
Analysis: N = 3 (filter length = 4)Analysis: N = 3 (filter length = 4) 

MM 
yy00[0][0] 
yy00[1][1] 
yy00[2][2] 
yy00[3][3] 

MM 

yy11[0][0] 
yy11[1][1] 
yy11[2][2] 
yy11[3[3]] 

MM 

== 

hh00[3] h[3] h00[2] h[2] h00[1] h[1] h00[0][0] 
hh00[3] h[3] h00[2] h[2] h00[1] h[1] h00[0][0] 

hh00[3] h[3] h00[2] h[2] h00[1] h[1] h00[0][0] 
hh00[3] h[3] h00[2] h[2] h00[1] h[1] h00[0][0] 

LL 

hh11[3] h[3] h11[2] h[2] h11[1] h[1] h11[0][0] 
hh11[3] h[3] h11[2] h[2] h11[1] h[1] h11[0][0] 

hh11[3] h[3] h11[2] h[2] h11[1] h[1] h11[0][0] 
hh11[3] h[3] h11[2] h[2] h11[1] h[1] h11[0][0] 

MM 
xx [[--3]3] 
x [x [--2]2] 
x [x [--1]1] 
x [x [--0]0]
x [1]x [1] 
x [2]x [2] 
x [3]x [3] 
x [4x [4]] 
x [5]x [5] 
x [6x [6]]

123123 
WW 

----------(2)(2) 

KK 

MM KK 

MMLL 
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Synthesis:Synthesis: 

x[x[--3]3] 
x[x[--2]2] 
x[x[--1]1] 
x[0]x[0] 
x[1]x[1] 
x[2]x[2] 
x[3]x[3] 
x[4]x[4] 
x[5]x[5] 
x[6x[6]] 
MM 

== 

hh00[3][3] 
hh00[2] [2] 
hh00[1] h[1] h00[3] [3] 
hh00[0] h[0] h00[2] [2] 

hh00[1] h[1] h00[3] [3] 
hh00[0] h[0] h00[2][2] 

hh00[1] h[1] h00[3] [3] 
hh00[0] h[0] h00[2][2] 

hh00[1][1] 
hh00[0] [0] MM 

hh11[3][3] 
hh11[2][2] 
hh11[1] h[1] h11[3][3] 
hh11[0] h[0] h11[2][2] 

hh11[1] h[1] h11[3][3] 
hh11[0] h[0] h11[2][2] 

hh11[1] h[1] h11[3][3] 
hh11[0] h[0] h11[2][2] 

hh11[1][1] 
hh11[0][0] 

yy0 0 [0][0] 
yy00 [1][1] 
yy00 [2][2] 
yy00 [3][3] 

MM 

MM 
yy11 [0][0] 
yy11 [1[1]] 
yy11 [2][2] 
yy11 [3][3] 

MM123123 
WWTT 

----------(3)(3) 

.. .. MM 

MM MM MM MM 
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Orthogonality Orthogonality condition (Condition O) iscondition (Condition O) is 
WWTTW = I = WWW = I = WWTT �� W orthogonal matrixW orthogonal matrix 

Block Form:Block Form: 
LL 
BB 

LLTTL + BL + BTTB = IB = I 

W =W = 

LLLLTT LBLBTT 

BLBLTT BBBBTT 
I 
0 

== 

LLLLTT = I  = I �� �� hh00[n] h[n] h00[n [n –– 2k] =  2k] = dd[k]   [k] ----------------------------(4)(4)
nn 

LBLBTT = 0  = 0 �� �� hh00[n] h[n] h11[n [n –– 2k] =  2k] = ----------------------------(5(5)) 
nn 

BBBBTT = I = I �� �� hh11[n] h[n] h11[n [n –– 2k] =  2k] = dd[k]   [k] ----------------------------(6)(6)
nn 

0 
I 

0      0 
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Good choice for hGood choice for h11[n]:[n]: 
hh11[n] = ([n] = (--1)1)nn hh00[N[N--n]       n] ----------------------------(7)(7) 

Alternating flipAlternating flip 
Example: N = 3Example: N = 3 

hh11[0]       [0] 00[3][3] 
hh11[1]       [1] --hh00[2][2] 
hh11[2]       [2] 00[1][1] 
hh11[3]       [3] --hh00[0][0] 

With this choice, Equation (5) is automatically satisfied:With this choice, Equation (5) is automatically satisfied: 

k = k = --1: h1: h00[0]h[0]h00[1] [1] -- hh00[1]h[1]h00[0]                                           [0] 
k =  k = 00[0]h[0]h00[3] [3] -- hh00[1]h[1]h00[2] + h[2] + h00[2]h[2]h00[1] [1] –– hh00[3]h[3]h00[0]   [0] 
k =  k = 00[2]h[2]h00[3] [3] –– hh00[3]h[3]h00[2]                                          [2] 
k = k = ––2:  2: 

N odd  ;  N odd ; 

h=  h= 
=  = 

h=  h= 
=  = 

= 0= 0 
0: h0: h = 0 = 0 
1: h1: h = 0= 0 

no overlapno overlap 
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Also, Equation (6) reduces to Equation (4)Also, Equation (6) reduces to Equation (4) 

dd[k] = [k] = �� hh11[n] h[n] h11[n[n--2k] = 2k] = �� ((--1)1)nn hh00[N[N--n] (n] (--1)1)nn--2k2k hh00[N[N--n+2k]n+2k] 

= = �� hh00[[ll] h] h00[[ll + 2k]+ 2k] 

So, Condition O on the So, Condition O on the lowpass lowpass filter + alternating flipfilter + alternating flip 
for for highpass highpass filter lead to filter lead to orthogonalityorthogonality 

nn nn 

ll 
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Polyphase Polyphase DomainDomain 
xxeveneven[n][n] xxeveneven[n][n] 

>> 
>> 

>> 

>> 
>> 

>> >> 

>>>> >> 

>> >> 
++

x[n]x[n] 

zz--11 

flfl22 

flfl22 
xxoddodd[n[n--1]1] 

HHpp(z)(z) 

yy00[n][n] 

yy11[n][n] 
HHpp 

TT(z(z--11)) xxoddodd[n[n--1]1] 

››22 

››22 

x[nx[n--1]1] 

zz 

HHpp(z)  (z) HH0,even0,even(z)     (z) 0,odd0,odd(z)(z) 
HH11,,eveneven(z)     (z) 11,,oddodd(z)(z) 

PolyphasePolyphase 
MatrixMatrix == HH

HH
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Condition O:Condition O: 

HHpp 
TT(z(z--11)  ) pp(z)   (z) �� HHpp(z) is (z) is paraunitaryparaunitary 

HH0,even0,even(z(z--11)  ) 1,even1,even(z(z--11)) 

HH0,odd0,odd(z(z--11)   ) 1,odd1,odd(z(z--11)) 

HH0,even0,even(z)  (z) 0,odd0,odd(z)(z) 

HH1,even1,even(z)  (z) 1,odd1,odd(z)(z) 
== 

1   1 

0   0 

Reverse the order of multiplication:Reverse the order of multiplication: 

HH0,even0,even(z)  (z) 0,odd0,odd(z)(z) 

HH1,even1,even(z)  (z) 1,odd1,odd(z)(z) 

HH0,even0,even(z(z--11)  ) 1,even1,even(z(z--11)) 

HH0,odd0,odd(z(z--11)  ) 1,odd1,odd(z(z--11)) 
== 

1   1 

0   0 

HH I  =  I = 

HH

HH

HH

HH

00 

11 

HH

HH

HH

HH

00 

11 
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Express Condition O as a condition on HExpress Condition O as a condition on H0,even0,even(z),(z), 
HH0,odd0,odd(z):(z): 

HH0,even0,even(z)  (z) 0,even0,even(z(z--11)  ) 0,odd0,odd(z) H(z) H0,odd0,odd(z(z--11) = 1 ) = 1 ------------(8)(8) 

Frequency domain:Frequency domain: 

‰‰HH0,even0,even((ww))‰‰22 +  + ‰‰HH0,odd0,odd((ww))‰‰22 =  = --------------(9)(9) 

HH H+  H+ 

1                    1 
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The alternating flip construction for HThe alternating flip construction for H11(z) ensures (z) ensures 
that the remaining conditions are satisfied.that the remaining conditions are satisfied. 

HH00(z) = H(z) = H0,even0,even(z(z22)  ) --11HH0,odd0,odd(z(z22)) 
HH11(z) = (z) = --zz--NN HH00((--zz--11)                           ) 

= = --zz--NN {H{H0,even0,even(z(z--22)  ) -- z Hz H0,odd0,odd(z(z--22)})} 
= = --zz--NN HH0,even0,even(z(z--22)  ) --N+1N+1 HH0,odd0,odd(z(z--22))123123 123123 

zz--11 HH1,odd1,odd(z(z22)) HH1,even1,even(z(z22)) 
SoSo 

HH1,even1,even(z)  (z) ((--N+1)/2N+1)/2 HH0,odd0,odd(z(z--11)) 
HH1,odd1,odd(z)   (z) --zz((--N+1)/2N+1)/2 HH0,even0,even(z(z--11)) 

�� HH0,even0,even(z) H(z) H1,even1,even(z(z--11) + H) + H0,odd0,odd(z) H(z) H1,odd1,odd(z(z--11)  ) 
and   and 1,even1,even(z) H(z) H1,even1,even(z(z--11) + H) + H1,odd1,odd(z) H(z) H1,odd1,odd(z(z--11)  ) 

z+  z+ 
alternating flipalternating flip 

z+  z+ 

z=  z= 
= = 

= 0= 0 
HH = 1  = 1 
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Modulation DomainModulation Domain 

>> 
>> 

>> 

>> 
>> 

>> >> 

>>>> >> 

>> >> 
++

x[n]x[n] flfl22 

flfl22 

HH00(z)(z) 
yy00[n][n] 

yy11[n][n] 

HH00(z(z--11))››22 

››22 

x[n]x[n] 

HH11(z(z--11))HH11(z)(z) 

PR conditions:PR conditions: 
HH00(z) H(z) H00(z(z--11)  ) 11(z) H(z) H11(z(z--11)  ) --------------(10) (10) 

HH00((--z) Hz) H00(z(z--11) + H) + H11((--z) Hz) H11(z(z--11)  ) ----------------(11) (11) 

[H[H00(z(z--11)  ) 11(z(z--11)])] HH00(z)    (z) 00((--z)z) 
HH11(z)    (z) 11((--z)z) == 
123123 

HHmm(z) modulation matrix(z) modulation matrix 

NoNo 
distortiondistortion 
AliasAlias 
cancellationcancellation 

2  2 

H+  H+ 2 =    2 = 

0 =   0 = 

HH HH
HH 00 
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Replace z with Replace z with ––z in Equations (10) and (11)z in Equations (10) and (11) 

HH00((--z) Hz) H00((--zz--11)  ) 11((--z) Hz) H11((--zz--11)  ) 
HH00(z)  (z) 00((--zz--11)  ) 11(z) H(z) H11((--zz--11)   ) 

HH00(z(z--11)    ) 11(z(z--11)) 

HH00((--zz--11)   ) 11((--zz--11)) 

HH00(z)    (z) 00((--z)z) 

HH11(z)    (z) 11((--z)z) 
== 2    2 

0    0 
123123 123123 123123 

HHmm 
TT(z(z--11)) HHmm(z)(z) 2I2I 

Condition O:Condition O: 
HHmm 

TT(z(z--11)  ) HHmm(z)         (z) �� HHmm(z) is (z) is paraunitaryparaunitary 

H+  H+ 2=  2 = 
HH H+  H+ 0=  0 = 

HH

HH

HH

HH

00 

22

2I  =   2I = 
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Reverse the order of multiplication:Reverse the order of multiplication: 

== 
HH00(z)    (z) 00((--z)z) 

HH11(z)    (z) 11((--z)z) 

HH00(z(z--11)    ) 11(z(z--11)) 

HH00((--zz--11)   ) 11((--zz--11)) 

2    2 

0    0 

Express Condition O as a condition on HExpress Condition O as a condition on H00(z):(z): 

HH00(z) H(z) H00(z(z--11)  ) 00((--z) Hz) H00((--zz--11)  ) ------------------------(12)(12) 

Frequency Domain:Frequency Domain: 

‰‰HH00((ww))‰‰22 +   + ‰‰HH00((ww + + pp))‰‰2 2 = 2       = 2 --------------------------(13)(13) 

Again, the remaining conditions are automatically Again, the remaining conditions are automatically 
satisfied by the alternating flip choice, Hsatisfied by the alternating flip choice, H11(z) = (z) = --zz--NN HH00((--zz--11)) 

HH

HH

HH

HH

00 

22 

H+  H+ 2      =  2 = 
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Condition O as a constraint on the Condition O as a constraint on the lowpass lowpass filter:filter: 

•• Matrix form:  Matrix form: TT =  = 

•• Coefficient form:  Coefficient form: �� h[n]h[nh[n]h[n--2k] = 2k] = dd[k][k] 

•• Polyphase Polyphase form: form: 
HH0,even0,even(z) H(z) H0,even0,even(z(z--11)  ) 0,odd0,odd(z) H(z) H0,odd0,odd(z(z--11)  ) 

•• Modulation form:  Modulation form: 00(z) H(z) H00(z(z--11) + H) + H00((--z) Hz) H00((--zz--11)  ) 

Then choose  Then choose 11(z)  (z) --zz--NN HH00((--zz--11)          ) 
i.e., hi.e., h11[n]  [n] --1)1)nn hh00[N[N--n]n] 

SummarySummary 

nn 

LLLL II 

= H= H = 1= 1 

HH 2=  2 = 

HH =  = ; N odd; N odd 
(=  (= 
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Wavelets and Filter BanksWavelets and Filter Banks

MaxflatMaxflat Filters: Filters: DaubechiesDaubechies and and 
Meyer Formulas.Meyer Formulas.

Spectral FactorizationSpectral Factorization
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Formulas for the Product FilterFormulas for the Product Filter
HalfbandHalfband condition:condition:

P(P(ωω) + P() + P(ωω + + ππ) = 2) = 2
Also want P(Also want P(ωω) to be ) to be lowpasslowpass
and p[n] to be symmetric.and p[n] to be symmetric.

DaubechiesDaubechies’’ ApproachApproach
Design a polynomial, P(y), of degree 2p Design a polynomial, P(y), of degree 2p -- 1, such that1, such that
P(0) = 2P(0) = 2
PP((ll))(0) = 0; (0) = 0; ll = 1, 2, = 1, 2, ……, p , p -- 11

PP((ll))(1) = 0; (1) = 0; ll = 0, 1, = 0, 1, ……, p , p -- 11~~
~~

~~

π ω0

2
P (ω) P (ω+π)

1 y0

2 P(y)~

~~
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Can achieve required flatness at y = 1 by including a Can achieve required flatness at y = 1 by including a 
term of the form (1 term of the form (1 –– y)y)pp i.e.i.e.
P(y) = 2(1 P(y) = 2(1 –– y)y)pp BBpp(y)(y)
Where BWhere Bpp(y) is a polynomial of degree p (y) is a polynomial of degree p –– 1.1.

How to choose BHow to choose Bpp(y)?(y)?
Let BLet Bpp(y) be the binomial series expansion for (y) be the binomial series expansion for 
(1 (1 –– y)y)--pp, truncated after p terms:, truncated after p terms:

BBpp(y) = 1 + (y) = 1 + pypy +                 y+                 y 22 + … +                 y+ … +                 ypp--11

= (1 = (1 –– y)y)--p p + + O(yO(ypp))

∼∼

p(p + 1)p(p + 1)
22

2p 2p -- 22
p p –– 11(  (  ))

<< Higher order termsHigher order terms
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(1 (1 –– y)y)--11 = = ∑∑ yykk

(1 (1 –– y)y)--pp = = ∑∑

∞∞

k = 0k = 0
∞∞

k = 0k = 0 (( ))kk

|| ||yy < 1< 1

ThenThen

P(y) = 2(1 P(y) = 2(1 –– y)y)pp[(1[(1--y)y)--pp + O (+ O (yypp)])]
= 2 + = 2 + O(yO(ypp))

∼∼

yykkp + k p + k ––11
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(       )(       )p + k p + k -- 11
kk yykk

(      )(      )1 1 -- eeiiωω

22 (      )(      )1 1 –– ee--iiωω

22
1 1 –– coscos ωω

22

((

∼∼ pp--11

k=0k=0

ThusThus
PP((ll))(0)  =  0  ;  (0)  =  0  ;  ll = 1, 2, = 1, 2, …… , p, p--11

So we haveSo we have

P(y)  =  2 (1P(y)  =  2 (1--y)y)pp ∑∑

Now letNow let
y =                                         maintainsy =                                         maintains symmetrysymmetry

=                                             =                                             
ThusThus

P(P(ωω)  =  P                            )  =  P                            

=  2                          =  2                          ∑∑

∼∼ 1 1 –– coscos ωω
22 ))

))((1 + 1 + coscos ωω
22

p p -- 11

k = 0k = 0
((p + k + 1p + k + 1

kk )) ((1 1 –– coscos ωω))22
kkpp
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z domain: z domain: 

P(z) = 2P(z) = 2 ))((((1 + z1 + z
22

1 + z1 + z--11))pp

22
pp

∑∑
p p -- 11

k = 0k = 0
p + k p + k -- 11(( ))kk (( ))1 1 -- zz (( ))1 1 –– zz--11

2222
kkkk



77

Meyer’s ApproachMeyer’s Approach
Work with derivative of P(y):Work with derivative of P(y):

PP´́(y)  =  (y)  =  -- CC´́ yypp--11 (1 (1 ––y)y)pp--11

SoSo
P(y)   =  2 P(y)   =  2 -- CC´́∫∫ yypp--11 (1(1--y)y)pp--11 d y         (P(0) = 2)d y         (P(0) = 2)

ThenThen
P(P(ωω)   =  2 )   =  2 -- CC´́∫∫

∼∼

∼∼

∼∼∼∼ yy

00

))1 + 1 + coscos ωω((
22

pp--11(( ))1 1 –– coscos ωω
22

pp--11
sin sin ωω

22
ddωω

ωω

00

= 2 = 2 -- CC´́∫∫ (( ))1 1 –– coscos22 ωω
22

pp--11
sin sin ωω

22
ddωω

ωω

00

i.e.   P(i.e.   P(ωω)  =  2 )  =  2 –– C C ∫∫ sinsin2p2p--11 ωω d d ωω
ωω

00
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Spectral FactorizationSpectral Factorization
Recall the Recall the halfbandhalfband condition for orthogonal filters:condition for orthogonal filters:
z domain:z domain:

HH00(z) H(z) H00(z(z--11)  +  H)  +  H00((--z) Hz) H00((--zz--11)  =  2)  =  2
Frequency domain:Frequency domain:

HH00((ωω) ) 2 2 +  +  HH00((ωω + + ππ) ) 2 2 =  2=  2
The product filter for the orthogonal case isThe product filter for the orthogonal case is

P(z)  =  HP(z)  =  H00(z) H(z) H00(z(z--11))
P(P(ωω) = ) = HH00((ωω))22 ⇒⇒ P(P(ωω) ) ≥≥ 00
p[n]  =  hp[n]  =  h00[n] [n] ∗∗ hh00[[--n]            n]            ⇒⇒ p[n] = p[p[n] = p[--n]n]

The spectral factorization problem is the problem The spectral factorization problem is the problem 
of finding Hof finding H00(z) once P(z) is known.(z) once P(z) is known.
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Consider the distribution of the zeros (roots) of P(z).Consider the distribution of the zeros (roots) of P(z).

•• Symmetry of p[n]  Symmetry of p[n]  ⇒⇒ P(z)  =  P(zP(z)  =  P(z--11))
If zIf z00 is a root then so is zis a root then so is z00

--11..
•• If p[n] are real, then the roots appear in complex, If p[n] are real, then the roots appear in complex, 

conjugate pairs.conjugate pairs.

(1 (1 –– zz00 zz--11)(1 )(1 –– zz00*z*z--11)  =  1 )  =  1 –– (z(z00 + z+ z00*) z*) z--11 + (z+ (z00zz00*)z*)z--22
123123 123123

realreal realreal
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ImIm ImIm

zz00

zz00
11 ReRe ReRe11 1/z1/z00zz00

O O 11zz00

OO 11
zz00**

**

Complex zerosComplex zeros Real zerosReal zeros

If the zero zIf the zero z00 is grouped into the spectral factor His grouped into the spectral factor H00(z), (z), 
then the zero 1/zthen the zero 1/z0 0 must be grouped into Hmust be grouped into H00(z(z--11).).

⇒⇒ hh00[n]  cannot be symmetric.[n]  cannot be symmetric.
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DaubechiesDaubechies’ choice:  Choose H’ choice:  Choose H00(z) such that(z) such that
(i)(i) all its zeros are inside or on the unit circle.all its zeros are inside or on the unit circle.
(ii)(ii) it is causal.it is causal.
i.e.  Hi.e.  H00(z) is a minimum phase filter.(z) is a minimum phase filter.

Example:Example:

66 33 33
==

00
..

P(z)P(z) HH00(z)(z)
(Minimum phase)(Minimum phase)

HH00(z(z--11))
(Maximum phase)(Maximum phase)



1212

Practical Algorithms:Practical Algorithms:
1.1. Direct Method: compute the roots of P(z) Direct Method: compute the roots of P(z) 

numerically.numerically.
2.2. CepstralCepstral Method:Method:

First factor out the zeros which lie on the unit First factor out the zeros which lie on the unit 
circlecircle

P(z)  =  [(1 + zP(z)  =  [(1 + z--11)(1 + z)])(1 + z)]pp Q(z)Q(z)
Now we need to factor Q(z) into R(z) R(zNow we need to factor Q(z) into R(z) R(z--11) such that) such that
i.i. R(z) has all its zeros inside the unit circle.R(z) has all its zeros inside the unit circle.
ii.ii. R(z) is causal.R(z) is causal.
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Then use logarithms to change multiplication into Then use logarithms to change multiplication into 
addition:addition:

Q(z)     =         R(z)      Q(z)     =         R(z)      •• R(R(zz--11))
lnln Q(z)    =     Q(z)    =     lnln R(z)     +     R(z)     +     lnln R(zR(z--11) ) 
123123 123123 123123

Q(z)Q(z) R(z)R(z) R(zR(z--11))^̂ ^̂^̂

Take inverse z transforms:Take inverse z transforms:

q[n]     =      r[n]           +    r[q[n]     =      r[n]           +    r[--n]n]

Complex Complex cepstrumcepstrum
of q[n]of q[n]

^̂ ^̂ ^̂
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Example:Example:

XX55 XX
55

XX

XX

R(z) has all its zeros and all its poles inside the unit R(z) has all its zeros and all its poles inside the unit 

circle, so R(z) has all its singularities inside the unit circle, so R(z) has all its singularities inside the unit 

circle.  (circle.  (ln0  =  ln0  =  -- ∞∞ ,  ,  lnln ∞∞ =  =  ∞∞ .)  .)  

^̂

R(z)R(z) R(z) = R(z) = lnln R(z)R(z)^̂
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All singularities inside the unit circle leads to a causal All singularities inside the unit circle leads to a causal 
sequence, e.g.sequence, e.g.

X(z)  =  X(z)  =  11
11-- zzkk zz--11 Pole at z = Pole at z = zzkk

X(X(ωω) =) =
11

11-- zzkk ??--iiωω

If If ||zzkk| < 1,  we can write| < 1,  we can write
X(X(ωω)  =  )  =  ∑∑ ((zzkk))nn ee--iiωωnn

⇒⇒x[n] is causalx[n] is causal
So r[n] is the causal part of q[n]:So r[n] is the causal part of q[n]:

∞∞

n = 0n = 0

^̂ ^̂

r[n]  =r[n]  =

6
7

8
6

7
8 ½½ q[0]    ;    n  =  0q[0]    ;    n  =  0

q[n]        ;    n  >  0q[n]        ;    n  >  0
0             ;    n  <  00             ;    n  <  0
^̂

^̂ 6
7

8
6

7
8^̂
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Algorithm:Algorithm:
Given the coefficients q[n] of the polynomial Q(z):Given the coefficients q[n] of the polynomial Q(z):
i.i. Compute the MCompute the M--point DFT of q[n] for a point DFT of q[n] for a 

sufficiently large M.sufficiently large M.

Q[k]  =  Q[k]  =  ∑∑ q[n]e             q[n]e             ;    0 ;    0 ≤≤ k k < M< M

ii.ii. Take the logarithm.Take the logarithm.
Q[k]  =  Q[k]  =  lnln (Q[k])(Q[k])

iii.iii. Determine the complex Determine the complex cepstrumcepstrum of q[n] by of q[n] by 
computing the IDFT.computing the IDFT.
q[n]q[n] =           =           ∑∑ Q[k] Q[k] eeii

nn

^̂

1 1 
MM

^̂ MM
22ππ nknk^̂M M -- 11

k = 0k = 0

--ii MM
22ππknkn
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iv.iv. Find the causal part of q[n].Find the causal part of q[n].

v.v. Determine the DFT of r[n] by computing the Determine the DFT of r[n] by computing the 
exponent of the DFT of r[n].exponent of the DFT of r[n].

R[k]  =  exp (R[k])  =  exp ( R[k]  =  exp (R[k])  =  exp ( ∑∑ r[n]er[n]e––i      i      knkn)) ; 0 ; 0 ≤≤ k k < M< M

^̂

r[n]  =r[n]  =

6
7

8
6

7
8 ½½ q[0]    ;    n  =  0q[0]    ;    n  =  0

q[n]        ;    n  >  0q[n]        ;    n  >  0
0             ;    n  <  00             ;    n  <  0
^̂

^̂ 6
7

8
6

7
8^̂

^̂

MM--11

k = 0k = 0
^̂ MM

^̂ 22ππ
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vi.vi. Determine the DFT of hDetermine the DFT of h00[n], by including half the [n], by including half the 
zeros at z = zeros at z = --1.1.
HH00[k]  =  R[k] (1 + e[k]  =  R[k] (1 + e––i                    i                    

vii.vii. Compute the IDFT to get hCompute the IDFT to get h00[n].[n].

hh00[n]  =      [n]  =      ∑∑ HH00[k] [k] eeii

MM
22ππ kk))pp

11
MM MM

22ππ nknkMM--11

k = 0k = 0


