1. Problem Set 3.4:

Day 2

Problems 3: Simplify the following system:

x(n)

—>

What is Y (z) in term of X (z)? Find y(n) for the following inputs: x(n) =4o(n), x(n) = (...,
o).
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Problems 1: Find X

3. Since (2,3)=1, (T 3) and (| 2) are commutable. It leads to:

1232 =03)1 20 2) =

For H(z) = z=1" = G(2"), where (/(z) = =7!

(13)(44)

is a simple delay, we can apply the first noble

identity to do the sampling first. Then the simplified system has the following block form:

xn) —— |4

(8]

—_
(98]

-« V(n)

The z-transform of v = (| 4)x is:

]. J - mhke
Viz) = m Z X (241624k )
k=0
Followed by a simple delay results
2_1 E 1 Zmke
Ulz) = i Y X(zteTs )
k=0

(1) For x(n) = &(n), y(n) = 8(n — 3).
(2) Forx(n)= (..., 1,1,1,1,..), ¥(n) = (...,0,1,0,0,1,0,0, 1,0, ...).
(3) Forx(n) = (..., 1,-1,1,—-1,..), y(n) = (...,0,1,0,0,1,0,0, 1,0

2. Problem Set 4.2:

xodd (22) =

NN

even(

)= 14z~ 5 Xodd( )
XPeven( 2

) and 2(X(A) X(=2)) =

Z
Z

- )(odd( )

(X (2)-X (—Z)). The odd definition involves an advance!.

2272 One can ea&.ﬂy verify that 1 (X (z)+X (-

L)

z)) =14+z"19=

(2) and X, (2) when X(2) =1+ 22"+ 27, Verify that Xeven(zz)zé(X(z)+ X (~2)) and



Problem 4: Polyphase Representation of an IR Transfer function

Let H(z) = 1 — where 0 <a <1. Its impulse response is h(n) =a" for n >0 (and zero for negative n). The phases
—az
1
are h,, (N)=(, a* a* .. andh,(n)=(a, a°®, a° ..).The z-transformare H_, (n) :m and
—a’z

a
—— - This method is very cumbersome. One has to find the impulse response h(n), then its even and odd

Ho(N) =—————<
odd ( ) (1 _ aZZ )
parts h,,, (n) and h, 4 (n), then the z-transform.

An alternative method is to write H(z) =

ppes directly as H(z) = H,,.,(z%) + z'"H_, (z°) . The dominator must be a
function of z2. So multiply above and below by 1+ az™*:
1 1+azt 1l+azt 1 5 a
H(Z): 1 _1: 2_2: 2_2+Zl—2 -
l-az7 1+az 1-a°z 1-a°z 1-a°z
This displays H,,,(z) and H,, (z). An N order filter can be factored as a cascade of first-order sections, and this method
applies to each section.

(@). Let H(z) =

1

3 T . Factor H(z) into two first-order poles. Find the polyphase components of H(z) .
1->z74+>27
6 6

-1 -2
(). Let H(z) = 1+2z27 +5z

. What are this polyphase components?

1-2,1. 1,
6 6
4. (a) The first-order form of H(z) is
1 -2 3 . _
H(:) - + = H(z)+ ()

= _5.-1 1,2 _ 1.1 _ 1.1
1 FE ¥ 1 1 3% 1 5%

Applying the IIR polyphase formula for the first-order pole that have been given in the
book, we rewrite H(z) and H(z) and find the components for H, H:
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Summing the even phases of H(z) and H(z) gives H,,.,(2):

= 3

Heven(z) = [ %Z_I + 1_ %2—1

Summing the odd phases of H(z) and H(z) gives Hoq4(2):

3
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1 - 1.—1 _ 1.1
1 g% 1 17

Hoai(z) =



(b) Let F(z) = ———~+—, G(z) = 1 + 27" + 5272 Then H(z) = F{(z)G(z). F and G

l—gz_l-l-éz_z !
has phase components:

-2 3 _2 3
E = d  Fui(z) = 3 )
even(Z) l—%z_l-l_l—%z—l an odd( ) 1—%2_1—'_1—%2_1
Geven(z) =1+ 53_1 and Goda’(z) =2

The even part of H(z) is obtained from even times even plus odd times odd:
Feven(2%)Geven(7%) + 272 Foga(2%) Goaa (2°)
The odd part of H(z) is even times odd plus odd times even (with a delay):
27 (Fepen (22)Godd (2°) + Foad(22)Geven(2?))
After downsampling, =2 becomes 271, We find the polyphase components for H:
Heven(2) = Fepen(2)Geven(2) + 27 Foud(2)Gond(2)

—2- 3t 34187
1— gzt 1— 1271

L _ 101 15 4 151
_ 3”3 L 2T
I 1— 1271

Problem 7: Let H(z2) =1+22"'+322+4z % +42* +32°+22° + 27" . Find the polyphase components H

H 44 (z) for antisymmetric filters of even length and symmetric filters of odd length?

(z) and

even

7. The polyphase components for H are:

Heopen(2) = 143271 4427242273
Hogy(2) = 24427 432724278
For anti-symmetric filters of even length, h,qq(n) is the flip of hepen (2) with a minus sign. In
z-transform domain, it can be expressed as

N-—-1

Heven(z) = —z ?

Hoqa(z7h)

For symmetric filters of odd length, since the symmetric pair h(k) = h(n —k) go together into
the same phase, there is no direct relation between H,,.,(z) and H,4:(z). But the general

identity holds for all: H(z) = Hepen (22) + 27 ' Hogd(2).

Problem Set 4.3:

Problem 2: If H (z™")H,,(z) = 21 show from

HO,even(Zz) HO,odd(Zz) 1 _1 HO(Z) HO(Z) 1 1
Hl,even(zz) Hl,odd(22)|: Z_l}_E{Hl(Z) Hl(z)i|L‘ _:J

that H (z7)H (z) = |



2. The polyphase matrix is related to the modulation matrix as (shown by Eqn. 4.48):

w1 4[]

T 1 1 T
=L

HpT(Z_l)Hp(Z)

Problem 17: Find the analysis filters H;(z) and H,(z) for the following matrices:

©) H.(2)= 142272 1+z7 2 1+ 272
P 1-z% 2477 |1-z2% -8 |

o st 0fc s,
© H"(Z)_le CJ{O J{—sz cj'

17. Assume Hog(z), Hoi(z), Hio(z) and Hyq(z) are the four entries in Hy(z):

then

HQ(Z) = H00(22)+Z_1H01(22)
HI(Z) = H10(22)+2_1H11(2’2)

(a) Two analysis filters can be obtained directly from Hp(z):

Ho(z) = 1422149222271
Hi(z) = PR ) Pt Nt B

(b) The cascade of two FIR filters is

H,(2) = 343272 143272 —z73 41
PV Tl 4—-3271— 272 1-z7l 42723273 — 5~
= Ho(z)=3+z"+327"+32""—277"4+27°

3
A4zt 372 3 b 3277 — 7"

Hl(Z)



(¢) Lattice cascade results in

H 10 — 81822_1 189 + czslz‘l
p(z) = 1

— 98] — €182~ —8189+ €092~

el o g R
= HO(Z) = C162+C1624 — 518972 +C2514

H\(z) = —cps; — 518927 —eys327 % + epc3277
Problem Set 4.4:

Problem 9: Find the matrices H /(z) and F,(z). Is the system PR?

x(n)

2 » T2

N
A 4

x(n)
z » 12 » T2 » ' P

9. The analysis bank has Hy(z) = z7* and H(z) = z~'. This leads to the Type 1 polyphase

matrix:
=10
HP(Z) = [ O 1 ]

The corresponding Type 2 synthesis matrix for fp{z) = 1 and Fy(z) = =z~

Fp(z)=l[l] (1)]

The output from the lowpass channel is the even components (delayed by 2):

1 s:

wo(2k) = x(2k—2) and we(2k+1)=0
The highpass channel keeps only the odd components and delays the signal by 2:
wi(2k) =0 and w(2k+ 1) = x(2k — 1)

Therefore, the sum of wp and wy reconstructs x(n) = x(n — 2). This is a PR system.

Problem Set 5.2:

Problem 2: For any four coefficients h(0),...,h(3), verify that

2 2 1 2 2
Hom @ +[Hoos @) = H(H @[ +{H 2
Then condition O for the polyphase equals Condition O for modulation.

2. |Heven (%) 2 + |Hoaa(2%)* = S(1H (2)|* 4+ |H (= 2)|*) for a four-tap filter: Note: Use H,,., (z*)
instead of Hey.n(2) as the book suggests. Same for Hodd(zz)

LHS = [Hewen (29 + [Hoga(2) 2
= (b(0) + h2)>3)(h(0) + h(2)%) + (h(1) + h(3)>"2)(h(0) + h(2):?)
= h*0)+ b*(1) + b*(2) + h*(3) + (h(0)h(2) + h({1)h(3))(z* + z*)
RHS = L(IHG) +|H(=2))
- %((h(o) +h(Dz 4+ h(2)72 + h(3)2~*) (h(0) + h(1)z + h(2)> + h(3)2%) +

(h(0) — h(1)="" + h(2)>7% — h(3)z"*)h(0) — h(1)z + h(2)s* - h(3)"))
= B%(0) + h¥(1) + b*(2) + h*(3) + (h(0)h(2) + h(1)h(3))(=* + =*)



Problem 4: Find d by alternating flip of ¢ = (c(0),...,c(5)). Verify equation Zc(n)d (n—2k) =0 directly to show that c
is double-shift orthogonal to d .
4. Let ¢ = (¢(0),¢c(1),¢(2),¢(3),c(1),c(5)), then
d(k) = (_1)kc(5 - k) = (C(5): —0(4), C(S)v —c(Q), C(l), _C(U))

d(k) is double-shift orthogonal to c(k):

Z c(k)d(k) = ¢(0)c(5) — e(L)e(4) + e(2)e(3) — e(3)e(2) + c(4)e(l) — e(5)e(0) =0
> elk)d(k —2) = c(0)e(3) — c(1)e(2) + ¢(2)e(1) — ¢(3)c(0) = 0

6. Problem Set 5.4:

Problem 3: Why must all roots of P(z) on the unit circle have even multiplicity, to allow P(z)=C(z)C(z™") and
2
P(a)):|C(a))| ?

3. Let z, be a factor of P(z) such that |z;| = 1. To factor P(z) into polynomials with real
coeflicients, z; and 7 must go together into one factor, say C'(z). This constrains the other
factor, C'(z71), to have roots at zk_l and zk_l, but because of the relation zk_l = % for any
root on the unit circle, we conclude that C'{z7') must also have roots at z; and z;. Hence,
any root on the unit circle must have even multiplicity.



